BRST Symmetry for Torus Knot by Pandey, Vipul Kumar & Mandal, Bhabani Prasad
ar
X
iv
:1
70
2.
03
21
2v
3 
 [p
hy
sic
s.g
en
-p
h]
  2
6 J
un
 20
17
BRST Symmetry for Torus Knot
Vipul Kumar Pandey∗ and Bhabani Prasad Mandal†
Department of Physics, Banaras Hindu University, Varanasi-221005, INDIA.
We develop BRST symmetry for the first time for a particle on the surface of a torus knot by
analyzing the constraints of the system. The theory contains 2nd class constraints and has been
extended by introducing Wess-Zumino term to the convert it into a theory with first class constraints.
BFV analysis of the extended theory is performed to construct BRST/anti-BRST symmetries for
the particle on torus knot. The nilpotent BRST/anti-BRST charges which generate such symmetries
are constructed explicitly. The states annihilated by these nilpotent charges consist the physical
Hilbert space. We indicate how various effective theories on the surface of the torus knot are related
through the generalized version of BRST transformation with finite field dependent parameters.
I. INTRODUCTION
Knot [1, 2] theory, based on mathematical concepts has found immense applications in various branch
of frontier physics. Knot invariants in physical systems were introduced long ago and has got considerable
impact during last one and half decades [1–9], especially when interpreted as Wilson loop observable in
Chern-Simon(CS) theory [7]. The discussion on topological string approach to the torus knot invariants
are presented in Ref. [7]. In the context of gauge theory, knot invariant theories relate 3d symmetry
on the CS sub manifolds and 3d SUSY gauge theory. It also plays important role in various other
problems like, inequivalent quantization problem [4], in the role of topology in defining vacuum state
in gauge theories[5], in understanding band theory in solid [6]. Various longstanding problems related
with connection between knot theory and quantum field theory were discussed in [7]. Dynamics and
symmetries of the particles constraints to move on the surface of a torus knot has recently be addressed
through Hamiltonian analysis [9]
BRST quantization [11] is an important and powerful technique to deal with system with constraints
[10]. It enlarges the phase space of a gauge theory and restore the symmetry of the gauge fixed action
in the extended phase space keeping the physical contents of the theory unchanged. BRST symmetry
plays a very important role in renormalizing spontaneously broken theories, like standard model and
hence is extremely important to investigate it for different systems. To the best of our knowledge BRST
formulation for the particle on torus knot has not been developed yet. This motivates us in the study
of BRST symmetry for a particle on the surface of the torus knot. In the present work we make an
important step forward in formulating BRST symmetry for a particle constrained to move on torus
knot. We study the particle on a torus knot following the technique of Dirac’s constraints analysis [10].
The system is shown to contain 2nd class constraints. We introduce Wess-Zumino term to recast the
system in a gauge invariant fashion in the extended Hilbert space. We further develop BFV (Batalin
- Fradkin - Vilkovisky) formulation of this extended theory using the constraints in the theory [12–15].
The nilpotent BRST and anti-BRST charges are constructed which generate the transformations using
the constraints in the theory. These nilpotent BRST charges annihilate the states in the physical Hilbert
space which is shown to be consistent with the constraints present in the theory. We indicate how
various BRST invariant effective theories on the surface of a torus are interlinked by considering finite
field dependent version of the BRST (FFBRST) transformation, introduced by Joglekar and Mandal
[16] about 22 years ago. FFBRST transformations are the generalization of usual BRST transformation
where the usual infinitesimal, anti-commuting constant transformation parameter is replaced by field
dependent but global and anti-commuting parameter. Such generalized transformation protects the
nilpotency and retains the symmetry of the gauge fixed effective actions. The remarkable property of such
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2transformations are that they relates the generating functional corresponding to different effective actions.
The non-trivial Jacobian of the path integral measure under such a finite transformation is responsible
for all the new results. In the virtue of this remarkable property FFBRST transformation have been
investigated extensively and has found many application in various gauge field theoretic systems.[17–32].
Similar generalization of BRST transformation with same motivation and goal has also been carried more
recently in slightly different manner where Jacobian for such transformation is calculated without using
any ansatz [33–38].
We now present the plan of the paper. In Sec II we analyze the constraints of the system. The theory
of a particle on torus knot has been extended by introducing WZ term in sec III. BFV formulation is
presented in sec IV. Nilpotent charges has been constructed in sec V. In sec VI FFBRST for torus knot
is presented. Sec VII is kept for concluding remarks.
II. PARTICLE ON A TORUS KNOT
In knot theory, a torus knot is a special kind of knot that lies on the surface of un-knotted torus in
R3. It is specified by a set of co-prime integers p and q. A torus knot of type (p, q) winds p times around
the rotational symmetry axis of the torus and q times around a circle in the interior of the torus. The
toroidal co-ordinate system is a suitable choice to study this system. Toroidal co-ordinates are related to
Cartesian co-ordinates (x1, x2, x3) in following ways
x1 =
a sinh η cosφ
cosh η − cos θ
, x2 =
a sinh η sinφ
cosh η − cos θ
, x3 =
a sin θ
cosh η − cos θ
(1)
where, 0 ≤ η ≤ ∞, −π ≤ θ ≤ π and 0 ≤ φ ≤ 2π. A toroidal surface is represnted by some specific value
of η (say η0). Parameters a and η0 are written as a
2 = R2 − d2 and cosh η0 =
R
D
where R and D are
major and minor radius of torus respectively.
Similarly, toroidal coordinates can be represented in the form of Cartesian co-ordinates as,
η = ln
d1
d2
, cos θ =
r2 − a2
((r2 − a2)2 + 4a2x32)
1
2
, φ = tan−1
x2
x1
(2)
where
d21 = (
√
x21 + x
2
2 + a)
2 + x23, d
2
2 = (
√
x21 + x
2
2 − a)
2 + x23, r
2 = x21 + x
2
2 (3)
r is cylindrical radius.
Lagrangian for a particle residing on the surface of torus knot is given by [3, 9]
L =
1
2
ma2
η˙2 + θ˙2 + sinh η2φ˙2
(cosh η − cos θ)2
− λ(pθ + qφ) (4)
where (η, θ, φ) are the toroidal coordinates for toric geometry.
Constraint that forces the particle to move in knot is imposed as
Ω1 = (pθ + qφ) ≈ 0 (5)
The Hamiltonian corresponding to this Lagrangian is then written as‘
H =
(cosh η − cos θ)2
ma2
[p2η + p
2
θ +
p2φ
sinh2 η
] + λ(pθ + qφ) (6)
Here pη, pθ and pφ are canonical momenta corresponding to the co-ordinate η, θ and φ.
3Time evolution of the constraint Ω1 gives additional secondary constraint
Ω2 =
(cosh η − cos θ)2
ma2
[ppθ +
qpφ
sinh2 η
] ≈ 0 (7)
Constraints Ω1 and Ω2 form second-class constraint algebra
∆kk′ (x, y) = {Ωk(x),Ωk′ (y)} = ǫ
kk′ (cosh η − cos θ)
2
ma2
[p2 +
q2
sinh2 η
]δ(x− y) (8)
with ǫ12 = −ǫ21 = 1. In the next section we will convert this gauge variant theory to the gauge invariant
theory in an extended Hilbert space.
III. WESS - ZUMINO TERM AND HAMILTONIAN FORMULATION
To construct a gauge invariant theory corresponding to this a gauge non-invariant model of particle on
a torus knot, we introduce Wess - Zumino term in Lagrangian in Eq. ??. For this purpose we enlarge the
Hilbert space of the theory by introducing a new co-ordinate α, called as Wess-Zumino term, through
the redefinition of co-ordinates θ, φ and λ in the Lagrangian L in Eq. 4 as follows
θ → θ −
α
2p
, φ→ φ−
α
2q
, λ→ λ+ α˙ (9)
With this redefinition of co-ordinates, modified Lagrangian is written as
LI =
1
2
ma2
(cosh η − cos(θ − α2p ))
2
[η˙2 + θ˙2 + sinh2 ηφ˙2 +
α˙2
4
(
1
p2
+
sinh2 η
q2
)− α˙(
θ˙
p
+ sinh2 η
φ˙
q
)]
− (λ+ α˙)(pθ + qφ− α) (10)
which is invariant under following time-dependent gauge transformations
δλ = f˙(t), δθ = −
f(t)
2p
, δφ = −
f(t)
2q
, δα = −f(t)
δpη = δpθ = δpφ = 0, δb = δΠα = δη = δΠλ = 0 (11)
where f(t) is an arbitrary function of time. To construct the Hamiltonian for this gauge invariant theory
we construct the canonical momenta corresponding to this modified Lagrangian and are written as
pη =
ma2
(cosh η − cos(θ − α2p ))
2
η˙, Πλ = 0
pθ =
ma2
(cosh η − cos(θ − α2p ))
2
(θ˙ −
α˙
2p
)
pφ =
ma2 sinh2 η
(cosh η − cos(θ − α2p ))
2
(φ˙−
α˙
2q
)
Πα =
ma2
2(cosh η − cos(θ − α2p ))
2
{
α˙
2
(
1
p2
+
sinh2 η
q2
) + (
θ˙
p
+ sinh2 η
φ˙
q
)} − (pθ + qφ− α) (12)
The only primary constraint for this extended theory is
Ψ1 ≡ Πλ ≈ 0 (13)
4The Hamiltonian corresponding to Lagrangian LI is written as
HI = pη η˙ + pθ θ˙ + pφφ˙+Παα˙− L
I (14)
The total Hamiltonian after using Lagrange multiplier β corresponding to the primary constraint Πλ is
obtained as
HIT =
(cosh η − cos(θ − α2p ))
2
2ma2
[p2η + p
2
θ +
p2φ
sinh2 η
]− λ(Πα +
pθ
2p
+
pφ
2q
) + βΠλ (15)
Using Dirac’s method of constraint analysis [10], we obtain secondary constraint
Ψ2 ≡ (Πα +
pθ
2p
+
pφ
2q
) ≈ 0 (16)
There is no tertiary constraint corresponding to this total Hamiltonian as
Ψ3 = Ψ˙2 = [H
I
T , (Πα +
pθ
2p
+
pφ
2q
)] = 0 (17)
This extended theory thus has only first class constraints.
IV. BFV FORMALISM FOR TORUS KNOT
To discuss all possible nilpotent symmetries we further extend the theory using BFV formalism [12–15].
In the BFV formulation associated with this system, we introduce a pair of canonically conjugate ghost
fields (c,p) with ghost number 1 and -1 respectively, for the primary constraint Πλ ≈ 0 and another pair of
ghost fields (c¯, p¯) with ghost number -1 and 1 respectively, for the secondary constraint, (Πα+
pθ
2p+
pφ
2q ) ≈ 0.
The effective action for a particle on surface of the torus knot in extended phase space is then written as
Seff =
∫
dt
[
pηη˙ + pθ θ˙ + pφφ˙+Παα˙−Πλλ˙−
(cosh η − cos(θ − α2p ))
2
2ma2
{p2η + p
2
θ
+
p2φ
sinh2 η
}+ c˙P + ˙¯cP¯ − {Qb, ψ}
]
(18)
Where Qb is BRST charge and has been constructed using the constraints of the system as
Qb = ic(Πα +
pθ
2p
+
pφ
2q
)− iP¯Πλ (19)
The canonical brackets for all dynamical variables are written as
[η, pη] = [θ, pθ] = [φ, pφ] = [α,Πα] = [λ,Πλ] = {c¯ c˙} = i; {c, ˙¯c} = −i (20)
Nilpotent BRST transformation corresponding to this action is constructed using the relation sbΦ =
−[Qb,Φ]± which is related to infinitesimal BRST transformation as δbΦ = sbΦδΛ. Here δΛ is infinitesimal
BRST parameter. Here − sign is for bosonic and + is for fermionic variable. The BRST transformation
for the particle on a torus knot is then written as
sbλ = P¯ , sbθ = −
c
2p
, sbφ = −
c
2q
, sbα = −c
sbpη = sbpθ = sbpφ = 0, sbP = (Πα +
pθ
2p
+
pφ
2q
)
sbc¯ = Πλ = b, sbc = sbb = sbΠα = sbη = sbΠλ = 0 (21)
5, One can check that these transformations are nilpotent.
In BFV formulation the generating functional is independent of gauge fixing fermion [12–14], hence we
have liberty to choose it in the convenient form as
Ψ = pλ+ c¯(pθ + qφ+ α+
Πλ
2
) (22)
Using the expressions for Qb and Ψ, Effective action (18) is written as
Seff =
∫
dt
[
pηη˙ + pθθ˙ + pφφ˙+Παα˙−Πλλ˙−
(cosh η − cos(θ − α2p ))
2
2ma2
{p2η + p
2
θ
+
p2φ
sinh2 η
}+ c˙P + ˙¯cP¯ − P¯P + λ(Πα +
pθ
2p
+
pφ
2q
) + 2cc¯+Πλ(pθ + qφ+ α+
Πλ
2
)
]
(23)
and the generating functional for this effective theory is represented as
Zψ =
∫
Dφ exp
[
iSeff
]
(24)
The measure Dφ =
∏
i dξi , where ξi are all dynamical variables of the theory. Now integrating this
generating functional over P and P¯ , we get
Zψ =
∫
Dφ′exp
[
i
∫
dt
[
pηη˙ + pθ θ˙ + pφφ˙+Παα˙−Πλλ˙−
(cosh η − cos(θ − α2p ))
2
2ma2
{p2η + p
2
θ
+
p2φ
sinh2 η
}+ ˙¯cc˙+ λ(Πα +
pθ
2p
+
pφ
2q
)− 2c¯c+Πλ(pθ + qφ+ α+
Πλ
2
)
]]
(25)
where Dφ′ is the path integral measure for effective theory when integrations over fields P and P¯ are
carried out. Further integrating over Πλ we obtain an effective generating functional as
Zψ =
∫
Dφ′′exp
[
i
∫
dt
[
pηη˙ + pθθ˙ + pφφ˙+Παα˙−
(cosh η − cos(θ − α2p ))
2
2ma2
{p2η + p
2
θ
+
p2φ
sinh2 η
}+ ˙¯cc˙+ λ(Πα +
pθ
2p
+
pφ
2q
)− 2c¯c−
{λ˙− (pθ + qφ+ α)}2
2
]]
(26)
where DΦ′′ is the path integral measure corresponding to all the dynamical variables involved in the
effective action. The BRST symmetry transformation for this effective theory is written as
sbθ = −
c
2p
, sbφ = −
c
2q
, sbα = −c
sbpη = sbpθ = sbpφ = 0, sbc¯ = −{λ˙− (pθ + qφ+ α)}
sbλ = c˙, sbc = sbb = sbΠα = sbη = sbΠλ = 0 (27)
V. BRST AND ANTI-BRST CHARGE
In this section we show that physical subspace of the system is consistent with the constraints of the
system. The physical states are annihilated by the BRST charge in Eq. 19
Qb|ψ〉 = 0 = {ic(Πα +
pθ
2p
+
pφ
2q
)− ic˙Πλ}|ψ〉 = ic(Πα +
pθ
2p
+
pφ
2q
)|ψ〉 − ic˙Πλ}|ψ〉 (28)
This implies that
(Πα +
pθ
2p
+
pφ
2q
)|ψ〉 = 0, Πλ|ψ〉 = 0 (29)
6The Hamiltonian(15) is also invariant under anti-BRST transformation in which role of c and −c¯ are
interchanged. Anti-BRST transformations for this theory are written as
s¯bθ =
c¯
2p
, s¯bφ =
c¯
2q
, s¯bα = c¯
s¯bpη = s¯bpθ = s¯bpφ = 0, s¯bc = {λ˙− (pθ + qφ+ α)}
s¯bλ = − ˙¯c, s¯bc = s¯bb = s¯bΠα = s¯bη = s¯bΠλ = 0 (30)
The nilpotent charge for the anti-BRST symmetry in (30) is constructed as
Qab = −ic¯(Πα +
pθ
2p
+
pφ
2q
) + i ˙¯cΠλ (31)
Like BRST charge, anti-BRST charges Qab also generates the anti-BRST transformations in (30) through
the following commutation and anti-commutation relations
sabθ = −[Qab, θ] =
c¯
2p
sabφ = −[Qab, φ] =
c¯
2q
sabα = −[Qab, α] = c¯
sabλ = −[Qab, λ] = − ˙¯c
sabc = − {Qab,c} = −Πλ (32)
Anti-BRST charge too annihilates the states of physical Hilbert space.
Qab|ψ〉 = 0
−ic¯(Πα +
pθ
2p
+
pφ
2q
) + i ˙¯cΠλ|ψ〉 = 0 (33)
or
(Πα +
pθ
2p
+
pφ
2q
)|ψ〉 = 0, Πλ|ψ〉 = 0 (34)
Anti-BRST charge too project on the physical subspace of total Hilbert space. Thus anti-BRST charge
plays exactly same role as BRST charge. It is straight forward to check that these charges are nilpotent
i.e. Q2b = 0 = Q
2
ab and satisfy
{Qb, Qab} = 0 (35)
VI. FFBRST FOR TORUS KNOT
In this section we show that these nilpotent symmetries can be generalized by making the parameter
finite and field dependent following the work of Joglekar and Mandal [17]. The BRST transformations are
generated from BRST charge using relation δbφ = −[Q,φ]δΛ where δΛ is infinitesimal anti-commuting
global parameter. Following their technique the anti-commuting BRST parameter δΛ is generalized to
be finite-field dependent instead of infinitesimal but space time independent parameter Θ[φ]. Since the
parameter is finite in nature unlike the usual case the path integral measure is not invariant under such
finite transformation. The Jacobian for these transformations for certain Θ[φ] can be calculated by
following way.
Dφ = J(k)Dφ′(k)
= J(k + dk)Dφ′(k + dk) (36)
7where a numerical parameter k (0 ≤ k ≤ 1), has been introduced to execute the finite transformation
in a mathematically convenient way. All the fields are taken to be k dependent in such a fashion that
φ(x, 0) = φ(x) and φ(x, k = 1) = φ′(x). Seff is invariant under FFBRST which is constructed by
considering successive infinitesimal BRST transformation (φ(k) → φ(k + dk)). The nontrivial Jacobian
J(k) can be written as local functional of fields and will be replaced as eiS1[φ(k),k] if the condition [17]
∫
Dφ(k)
[ 1
J(k)
dJ(k)
dk
− i
dS1
dk
]
ei(S1+Seff ) = 0 (37)
holds. Where dS1
dk
is a total derivative of S1 with respect to k in which dependence on φ(k) is also
differentiated. The change in Jacobian is calculated as
J(k)
J(k + dk)
= Σφ±
δφ(x, k + dk)
δφ(x, k)
=
1
J(k)
dJ(k)
dk
dk (38)
± is for bosonic and fermionic fields (φ) respectively. We know that the effective action for a particle on
surface of torus knot using BFV formulation is written in (18) and the BRST transformation is given by
(21). The finite version of this BRST is then written as
δbλ = P¯Θ, δbθ = −
c
2p
Θ, δbφ = −
c
2q
Θ, δbα = −cΘ
δbpη = δbpθ = δbpφ = 0, δbP = (Πα +
pθ
2p
+
pφ
2q
)Θ
δbc¯ = ΠλΘ = bΘ, δbc = δbb = δbΠα = δbη = δΠλ = 0 (39)
where Θ is finite field dependent, global and anti-commuting parameter. It is straight forward to check
that under this transformation too, effective action in (23) is invariant. Generating functional for this
effective theory is then written as
Zψ =
∫
DΦexp[i
∫
dt
[
pη η˙ + pθ θ˙ + pφφ˙+Παα˙−Πλλ˙−
(cosh η − cos(θ − α2p ))
2
2ma2
{p2η + p
2
θ
+
p2φ
sinh2 η
}+ c˙P + ˙¯cP¯ − P¯P + λ(Πα +
pθ
2p
+
pφ
2q
)− 2c¯c+Πλ(pθ + qφ+ α+
Πλ
2
)
]]
] (40)
where,
DΦ =
∏
dηdpηdθdpθdφdpφdλdΠλdPdP¯dcdc¯ (41)
is the path integral measure in the total phase space. This path integral measure is not invariant under
such FFBRST transformation as already mentioned. It gives rise to a Jacobian in the extended phase
space which is calculated using (38). Using the condition in (37), one can calculate the extra part in the
action S1 for some specific choices of the finite parameter Θ.
Now we consider a simple example of FFBRST to show the connection between two effective theories
explicitly. For that we choose finite BRST parameter Θ =
∫
dkΘ′(k) where Θ′ is given as
Θ′ = iγ
∫
d4yc¯(y, k)Πλ(y, k). (42)
The change in Jacobian is calculated for this particular parameter as,
1
J(k)
dJ(k)
dk
= −iγ
∫
d4yΠ2λ(y, k) (43)
8We make an ansatz for S1 as,
S1 = i
∫
d4xξ1(k)Π
2
λ (44)
Where ξ1(k) is a k dependent arbitrary parameter. Now,
dS1
dk
= i
∫
d4xξ′1(k)Π
2
λ (45)
By satisfying the condition in (37) we find ξ1 = −γk. The FFBRST with finite parameter Θ as given in
(42)changes this generating functional as,
Z =
∫
Dφ(k)ei(S1+Seff )
=
∫
DΦexp[i
∫
dt
[
pηη˙ + pθθ˙ + pφφ˙+Παα˙−Πλλ˙−
(cosh η − cos(θ − α2p ))
2
2ma2
{p2η + p
2
θ +
p2φ
sinh2 η
}
+ c˙P + ˙¯cP¯ − P¯P + λ(Πα +
pθ
2p
+
pφ
2q
)− 2c¯c+Πλ(pθ + qφ+ α) + (
λ′
2
− γk)
Π2λ
2
)
]]
(46)
Here generating functional at k = 0 will give pure theory for a free particle on a surface of torus with
a gauge parameter λ′ and at k = 1, the generating functional for same theory with a different gauge
parameter λ′′ = λ′−2γ. Even though we have considered a very simple example, our formulation is valid
to connect any two generating functionals corresponding to different effective actions using FFBRST
transformation with suitable parameter.
VII. CONCLUSION
Mathematical concept of knot theory is very useful in describing various physical systems and it has
been extensively used to study many different phenomena in physics. However there was no BRST
formulation for particle on the surface of the torus knot. In this work we systematically developed the
BRST/anti-BRST formulation for the first time for a particle moving on a torus knot. Using Dirac’s
constraint analysis we found all the constraints of this system. Further we have extended this theory to
include Wess-Zumino term to recast this theory as gauge theory. Using BFV formulation BRST/Anti-
BRST invariant effective action for a particle moving on a torus knot has been developed. Nilpotent
charges which generate these symmetries have been calculated explicitly. The physical states which are
annihilated by these nilpotent charges are consistent with the constraints of the system. Our formulation
is independent of particular choice of a torus. We further have extended the BRST formulation by
considering the transformation parameter finite and field dependent. We indicate how different effective
theories on the surface of the torus knot are related through such a finite transformation through the
non-trivial Jacobian factor. In support of our result we explicitly relate the generating functions of two
effective theories with different gauge fixing parameters. Using FFBRST with suitable finite parameter
the connection between any two effective theories can be made in a straight forward manner following
the prescriptions outlined in this work.
One of us (VKP) acknowledges University Grant Commission(UGC), India for its financial assistance
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